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Abstract-The consecutive k —out —of —n repairable system has always been very populer models

in reliability mathematics. It has been used to model various engineering systems, such as street-lamp
system, microwave stations of a telecom network, oil pipeline system, and other engineering fields.
This paper researched a linear consecutive k —out —of —n unrepairable system. Assuming the

system has no repairman, and the working time of each component is negative exponentially
distributed and independent of each other. Firstly, study the liner consecutive four out of eight fail
system in the particular example. Then we discuss two kinds of three and two units out of eight units
fail, the system cannot work. Finally, according to the relationship of theNandk , the system will be
discussed three cases to obtain failed probability and reliability by using total probability formula.

Key words: k —out —of —n unrepairable system, key component.

1. Introduction

An n component system that works (or is “good”) if and only if at least k of the n components work
(or are good) is called a k —out —of —n: G system. An ncomponent system that fails if and only if
at least k of the n components fail is called a k —out —of —n: F system. Based on these two
definitions, a k —out —of —n:G system is equivalent to an (n—k +1)—out—of —n:F system.
The term k-out-of-n system is often used to indicate either a G system or an F system or both. Since
the value of n is usually larger than the value of k, redundancy is generally built into a
k —out —of —n system. Both parallel and series systems are special cases of the k —out —of —n
system. A series system is equivalent to a 1—out —of —n: Fsystem and to an n—out—of —n:G
system while a parallel system is equivalent to an n—out—of —n:F system and to a
1-out —of —n:Gsystem.

The k —out —of —n system structure is a very popular type of redundancy in fault tolerant systems.
It is well known that a microwave signal transmitting system is composed of many relay stations, and
these relay stations are arranged linearly (circularly). Usually, people use the redundancy design to
improve the reliability of the system, a parallel system is just a typical redundancy system. Microwave
signal transmitting systems are often designed using the redundancy method, that is, each relay station
can transmit a signal reaching the next k relay stations. Thus, the system fails if and only if at least k
adjacent relay stations fail in the system, it is named consecutive k —out —of —n: F system. Now,
we consider a more complex system, that is named as m consecutive k —out —of —n: F system, the
consecutive k —out —of —n: F system is its special case (m = 1). If we consider that components
are repairable, then such system is called a repairable m consecutive k —out —of —n: F system. In
this paper, we consider only a linear system.

Among applications of the k —out —of —n system model, the design of electronic circuits such as

very large scale integrated (\VLSI) and the automatic repairs of faults in an online system would be the
most conspicuous. This type of system demonstrates what is called the voting redundancy. In such a
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system, several parallel outputs are channeled through a decision-making device that provides the
required system function as long as at least a predetermined number k of n parallel outputs are in
agreement.

In this paper, we provide a detailed coverage on reliability evaluation of the linear consecutive
k —out —of —nunrepairable systems. Firstly, study the liner consecutive four out of eight fail

system in the particular example. Then we discuss two kinds of three and two units out of eight units
fail, the system cannot work. Finally, according to the relationship of the nandk, the system will be
discussed three cases to obtain failed probability and reliability by using total probability formula.

2. Assumptions
The system is composed of N component parts of the same model, the i part is expressed by B,
(i=12,....,n) and in order to facilitate the discussion, the following hypothesis is made:

(1) Components are beyond repair after failure;
(2) The failure circumstances in the totals n—k +1;

(3) A indicates that there are successively BB, ,...B,,,., failure circumstances; (i=12...n-k+1)

(4) N components of the same model comply with the distribution of negative exponential A , and
every component is independent from each other.

3. Reliability Analysis of Special Circumstances
According to the above assumptions, the probability of A :

t k

P(A):[I(ﬂeﬁ‘)dt} =(1-e™) (i=12,--,n—k+1)
0

The Formula of System failure probability:

P(AUA UA u...uA1 1)

n—k+1 —k n-k+1 n-k-1 n-k n-k+1
:ZP ZZ P(A ,—)+_ ZP(AAA)
i=1 i=l j=2,j>i i=1 j=2,j>i1=3]>]

-k
—..+ (D" P(A&AzAs---Ah—kAn—ku)
Now, n=8, k=4 - n=8, k=3 . n=8, k =2 three circumstances are discussed.
1) n=8 k=4

According to the definition and the above assumptions, the system has five kinds of failure
circumstances:

A(BBBB) (BBBB) (BBBB) (B4BSBGB7) (B5BGB7B8)
P(A)=P(A)=P(A)=P(A)=P(A)=(1-e")
P(AA)=P(AA)=P(AA)=P(AA)=(1-e")
P(AA)=P(AA)=P(AA)=(1-¢")
P(AA)=P(AA)=(1-e")

P(AA)=(1-e")

P(AMAA)=P(AAA)=P(AAA)=(1-e")
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P(AAA)=P(AAA)=P(AAA)=P(AAA)=(1-¢")

P(AAA)=P(AAA)=P(AAA)=(1-¢")

(AAAA)=P(AAAA)=(1-¢")
(AAAA)=P(AAAA)=P(AAAA)

8

T

P

8
(1-e")
P(AAAAA)=(1-e")
The system failure probability P(t) and reliability system R(t) are

P(AVAUAUAUA)
S{a-e ) —a{a-e ) 3(1-e ) —2(1e ) -1(a-e
(16 ) +a(1e ) +3(ie ) —2f1-e ) -3
(Reg 2+ freef) +4(1-e”) +3(1-e%) +2(1-e%) +1(1-e¥) -
3(1— e%t)6 - 4(1— e’“)7 - 3(1— e’“)8 + 2(1— e’ﬂvt)7 + 3

(1-e™) - (1-e™)

(2) n=8, k=3
According to the definition and the above assumptions, the system has six kinds of failure
circumstances:

AL(BlB B) ( 28384) AB(BSB4BS) AA(B4BSBG) A‘S

P(AAA)=P(AAA)=P(AAA)=(1-e ")

(
AZAAAS)— (AAA)=(1-e) P(AAA)=P(AAA)=(1—¢ "
P(AAAA)=P(AAAA)=P(AAAA)=(1-")
P(AAAA)=P(AAAA)=P(AAAA)

=P(AAAA)=P(AAAA)=(1-e")

P(AAAA)
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P(AAAA)=P(AAAA)=P(AAAA)=P(AAAA,)
=P(AAAA)=P(AAAA)=(1-e")
P(AAAAA)=P(AAAAA)=(1-¢")
P(AAAAA)=P(AAAAA)=P(AAAAA)=P(AAAAA)=(1-")

P(AAAAAA)=(1-e")
The system failure probability P(t) and reliability system R(t) are P(Al UA UAUA UA U AS)

=6(1-e*) —5(1-e*) —4(1-e*) —6(1-e*) +4(1-e ) +
(1_e%t )6 +8(1 e ™ ° —3(1— e A )6 —6(1— e )7 -
(1—e‘lt )8 + 2(

R(t)=1-6(1-e*) +5(1—e ™) +
e e

6 _
6 l—-e™*

N
—~
=
|
(D\
=3
+
(o))
—~
[
[
CD\
=3
N—
[<2)
N
—~
=
(D\
=
N—
(53]

6(1-e*) —8(1-
6(1-e ™) —2(1-e*
©) n=8, k=2

According to the definition and the above assumptions, the system has seven kinds of failure
circumstances:

A(BB,).A (B,B,). A(BB,). A (B,B,). A(BB,). A (BB,). A (B,B,)
)=(1-e*)

P(A)=P(A,)=P(A)=P(A)=P(A)=P(A)=P(A)=(L-¢")
P(AA)=P(AA)=P(AA)=P(AA)=P(AA)=P(AA)=(1-e")
P(AA)=P(AA)=P(AA)=P(AA)=P(AA)=P(AA)=P(AA)=
P(A2A5)=P(A2A7) P(AA)=P(AA)=P(AA)=P(AA)=P(AA)=

P(A AzAs) (A2A3A4)=P(A3A4A5)=P(A4ASA5)=P(A5ASA7)=(1—6*‘)“
P(AAA)=P(AAA)=P(AAA)=P(AAA)=P(AAA,)
=P(AAA)=P(AAA)=P(AAA)=P(AAA)=P(AAA)
=P(AAA)=P(AAA)=P(AAA)=P(AAA)=P(AAA)
=P(AAA)=P(AAA)=P(AAA)=P(AAA)=P(AAA)=(1-e")
(AAA)=P(AAA)=P(AAA)=P(AAA)=P(AAA)
=P(AAA)=P(AAA)=P(AAA)=P(AAA)=P(AAA)=(1-e")

P(AAAA)=P(AAAA)=P(AAAA)=P(AAAA)=(1-e")
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P(AAAA)=P(AAAA)=P(AAAN)
P(AAAA)=P(AAAA)=P(AAAA)=
P(AAAA)=P(AAAA)=P(AAAA)=

( P(AAAA)=(1-e*)
( )=P(AAAA)=P(AAAA )=
P(AAAA)=P(AAAA)=P(AAAA)=P(AAAA)=
AAAA)=P(AAAA)=P(AAAA)=P(AAAA)=(1-e")
P(AAAA)=(1-e") P(AAAAA)=P(AAAAA)=P(AAAAA)=(1-e")
PA&%& A)=P(AAAAA)=P(AAAAA)=P(AAAAN,)
=P(AAAAR)=P(AAAARA)=P(AAAAA)=P(AAAAA,)

)
=P(AAAAA)=P(AAAAA)=P(AAAAA)=P(AAAAA)=(1-e")
P(AAAAA)=P(AAAAA)=P(AAAAA)=P(AAAAN)

=P(AAAAA)=P(AAAAA)=(1-e*)
P(AAAAAA)=P(AAAAAA)=P(AAAAAA)=P(AAAAAA)

= P(AAAAAA)=(1-e*)
P(AAAAAAA)=(1-e")

The system failure probability P(t) and reliability system R(t) are

P(AUAUAUAUAUAUA)

=7(1-e ") ~6(1-e ") ~16(1-e*) +5(1-e ) +20(L-e ") +

o1 f —afi-e f -19(1-e 4 12fa-e ] ~(1-e )
3(1-e) +12(1-e ) +6(1-e ") ~2(1-e*) ~5(1-e*) +(1-e ")
=7(1-e ) —6(1-e ) ~111-e*) +16(L-e ") ~5(L-e ") -

2(1-e-ﬂ) (1—-e‘“)

R(t)=1-7(1-e*) +6(1-e ") +11(1-e*) ~16(L-e ") +5(1—e ") +

2(1-e" )7 ~(1-e* )8

P(AAAA)
P(AAAA)
P(AAAA)
P(AAAA)
P(AAAA,

P(AAAA)
P(AAAA)
P(AAAA)
P(AAAA)
P(AAAA)
( )
( )
(AA
(

o

4. Reliability Analysis of General Circumstances
(1) When k <n<2k

RO =1-P(A WA, UA U UA ;) =1-[(n-k+D@-e )"

_ Zcio(n_k_i)(l_e—/lt)k+l+i + Zcil(n_k_i)(l_e—lt)kﬂﬂ et
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n—k-1

+ (_1)m—1- Zcim—Z (n _ k _ |)(1— e—lt)k+1+i Feeet (_1)n—2 Ci,kfl (1_ e—At )n + (_1)n—l(1_ e—lt )n] (2)

when 2k <n <3k

RO =1-P(AUAUA U UA ) =1-[("-k+])1-e )"

k-2 n—k-1 n—k-1
_ZCiO (n _ k _ |)(1— e—it)k+l+i _ ZCiO(n _ k _ i)(l_e—it)Zk + ZCIZL(n _ k _ i)(l_e—lt)k+1+i
i=0 i=k—1 i=1

(3) when 3k < n <4k

R =1-P(A WA UA U UA ) =1-[(-k+D)(1-e )"

k=2 n—k-1
—3 CoUn—k—i)a—e ) = S CO(n—k —i)(L-e*)* +
i= i=k-
2k—20 ) n—k-1 ' n—k-1 .
chl(n _ k _ |)(1— eflt)k+l+| + ZCIZL(n . k _ i)(l_efﬂt)?)k _ ZCiZ (n . k _ i)(l_efﬂt)kJrlH
i=1 i=2k-1 i=2
n—k-1
oot (_l)mfl ZCim72 (n _ k _ |)(l— efit)k+l+i deeet (_1)n72Cr]1._k_1(1_ eflt)n + (_l)nfl(l_efﬂt)n]
i=m-2

Proof: (1) P(AAj)(i # ;i=L42,--.n=k; j=2,3,4,--,n—k+1)

Tabel 2. 1 Probability Calculation A A

AiA_ Total number Failed number Probabilities (P)
! of situations of component
AA+1(i =1,2,---,n—k) n—k K+1 :(n_k)(l_e—lt)kﬂ
AA+2(i:1,2,...’n_k_1) n—-k-—-1 k+2 :(n_k_l)(l_e—/lt)k+2
AA(i=12--n—k-2) n—k—2 k+3 —(n—k —2)(1—e )3
A A+n—kfl(i = 112) 2 n-1 — 2(1_ e—/lt)n—l
A1A1—k+1 1 n — (l_efﬂ.t)n

P(AAA) = j =i =12, ,n—k—1L j=2,3,4,--,n—k;| =3,4,--,n—k +1) calculation tabel 2.2

By this analogy

P(AA-A )= > Cnk-i)f1-e”

i=m-2

p(t) and R(t) are

)k+1+i
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P=P(AVA VAU UA,,)

:n-f P(A)_HZ .E.P(AAj)-I-nZ _nz rii P(AAIA)"'"""(_]')HP(AiAzAs"'Awkawfm)

n—k-1 n—k-1

z(n_k+l)(1_e—lt)k _ Z CiO(n_k_i)(l_e—ﬂt)kﬂﬂ + Z Cil(n_k_i)(l_e—lt)kﬂﬂ Fee

+(_1)m—1-n§1 Cim—Z(n _ k _ |)(1— e—lt)k+l+i Feee (_1)n72Ci,k,1(1_ e—it)n + (_1)n—l(1_ e—lt)n
R =1-P(A UA UA U-UA, ) =1-[(n—k+D1-¢ *)’
n—k-1 n-k-1

_ Zcio(n7;1( _ i)(l_e—/lt)k+l+i + chl(n _ k _ |)(1— e—lt)k+1+i +ee gt
+ (iol)m—l zcim—Z(n —k— i)(l_e—/itzik+l+i bt (_l)n—z C$7k71 (1_ e—it)n + (_1)n—l(l_e—lt)n]

i=m-2
Tabel 2.2 Probability Calculation AA;A
AA_AI Total number  Failed number Probabilities (P)
! of situations of component
AAA,,0=12--n—-k-1) n—k-1 k+2 =C11(n—k—l)(1—e”u)k+2
AA+2A+3ﬁAA+1A+3 n-k-2 k+3 :C;(n—k—2)(:|.—e_ﬂ't)k+3
(i =1,2,.."n — k _1)
AAATAA LA TAALA, k-3 k+3 = C?l,(n —k-3)(L—e M)+
(i :1,2,...,n _k_3)
A Aj A+n—k—1(i = 112; 2 n-1 — 2Cr11—k—2 (1_ e—it)n—l
]=23:-,n—-k-1,]>1)
AiAjA1—k+1(j = 2131"'!n _k) 1 n = Cr::—k—l(l_e_it)n

(2) P(AAj)(i # ;1=12--n—Kk; ]=2,34,--,n—k+1) calculation Tabel 2.3
Tabel 2.3 Probability Calculation AA;

Total Failed number
AiAj number of Probabilities (P)
of component

situations
AALI=12:0-k) -k 41 = (n-K)-e )
AA+2(i=1|2i"'in_k_1) n—k—l k+2 :(n—k—l)(l_eiit)kJrz
AA(1=12:-n-k=-2) n-k-2 k+3 =(n-k-2)1-e*)*
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AA,(i=12---n-2k+2)  n-2+2 2k-1 =(n-2k +2)(1-e*)**

AA, ([(=12-n-2k+1) n—2k +1 2k =(n—-2k+1)(1—e™)*
AA+k+l(i = 1’2" = 2k) n-2k 2k = (n — 2k)(1— eiﬂt)Zk
Aiph—kﬂ 1 2k — (1_e—ﬂt)2k

P(AAA)I = j=1i=12,--n—k-1 =234, ,n-K| =34,-,n-k+1)
(Note : this probability is the same with k <n <2k ) Calculation tabel2.4.
p(t) and R(t) are respectively:

P=P(AUAUAU-UA )= D P(A)-3 D PAA) LY 3 S PAAA)

+o 4+ (D) PAAA; A LA 1)

k=2 n—k-1
=(n—k+DL-e ) =3 Co(n—k—i)L—e ) = 3 COn—k —i)(L-e ) +
i= i=k—
n—k-1 ’ . n—k-1 ' .
Y Cin—k-i)1-e ™)™+ + (=)™ Y CM*(n—k—i)L-e ")
i=L i=m-2

bt (TCE - )+ () -y
R(t)=1- P(A1 UAUAU-U A1—k+1) =1-[(n—k +1)(1_e—m)k

n—k-1 n—k-1

_icio(n —k—i)(1—e )k -ZCiO(n —k—i)(1-e)* + Zcil(n —k—i)(L—e )k
4ot (_1)m_1-nilcim_2 (n _ k _ i)(l_e—lt)k+l+i Feeet (_1)n_zci,k,1(1—e_}'t)n I (_1)”—1(1_e—lt)n]

tabel.4 Probability Calculation A A; A

Total Failed number
AAA r;iLiTati?c::sf of component Probabilities (P)
AALAL([=12n—k-1) n-k-1 k+2 =Ci(n—k—-1)(L—e ™)<
%
gﬁér?w nA':+1?;3 n—k—2 k+3 :C;(n_k_z)(l_e—lt)k%
2% 5%
?A132A+4 nA'lA(\+lA3;4 A A+2A+4 n—k—3 K+4 — C;(n _ k _ 3)(1_ e—lt)k+4
1= &yt I R —
A =12
6 12A3+n—k—1( k ) - ) 9 n-1 :2Cr1]_k_2(1_e—ﬂt)n—1
J: ’a“'ln_ _1J>I
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AMA (i=280-k) n —cl ety

(3) When3k <n<4k, P(AA)(i= J;i=12:-n-k;j=234,n-k+1)and same with

when2k <n <3k, tabel 2.3.
P(AAA)I = j=1i=12-n-k-1j=234,-n-k]I=34,-.n-k+1), ifCalculation

Tabel 2.5. p(t) and R(t) are respectively: :

P=P(AUAUAU-UA )= D P(A)-S SPAA)Y S SPMAAA)

+oo ()" PAAA A LA )

k=2 n-k-1
— (n —k +1)(1_ e—/lt)k _ ZCiO(n —k-=— i)(l_e—/lt)k+l+i _ Cio (n —k— |)(1— e_/n)gk
2k-2 = . n-k-1 o n—k-1 )
+ > CHn—k—i)A—e ™)™+ Y Cln—k-i)L-e™)* = D CH(n-k—-i)L—e ")
i=1 i=2k-1 i=2

. +(_1)m,1 ni_lcimfz (n . k i i)(l_ef/lt)k+l+i et (_1)n72 Crl1_k_1 (1_ ef,u)n n (_1)n—1(1_ efﬂt)n

i=m-2

R() =1-P(A UA UA U--UA, ) =1-[(n—k+)1L-e )"

k-2 - n=k-1
_zCiO(n_k_i)(l_efﬂvt)kﬂﬂ . zCiO(n_k_i)(l_ef}tt 2k +
i=0 i=k—1
2k-2  n=k-1 n—k-1 )
> Cln-k-iA-e™) ¥ + > Cln—k-i)1-e")* - > C(n—k—i)1-e ™)
i=1 i=2k-1 i=2
Tabel 2.5 Probability Calculation AA; A
Total Filed -
AAj A situations component Probability (P)
AA LA, =12-n—k-1) n-k-1 k+2 —Cl(n—k—1)(1—e *)<2
A1A+2A1+3gzpﬁ A1+1A+3 1 -
k-2 k+3 =Ci(n—k—-2)(1—e*)<®
(i=12.--n—k—1) " " Al -e7)
=) a§
AA+3A+4&A A+1A+4jZA A+2A+4 n—k-3 k+4 — C;(n _ k _ 3)(1_ e—lt)k+4

(i=12-n—k-3)

AAj A+2k—l(i =12,--n— 3K + 2 — C;k,g(n —3K + 2)(1_ efﬂt)3k+1

. .. n-3k+2 3k+1

]=2,3-n=3k+1; j>1i)

AAJAJer(i =12,--n-3k +1; a1 % :C;kfl(n—sk‘i‘l)(l—eiﬂ)?’k
]=2,3-n=3k; j>1)

A i=12,--n-3k;
6 12A3+2k+l( 3k 1 . ) n—3k 3k — C;_k (n _ Sk)(].— e—lt)3k
J: al'“an_ _;J>I
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AA; Anaa(i=12;
j=2,3:-,n—k-1)

AMALL(1=28-0-K) a ey

2 3K =2CL, ,(1—e )™

5. Conclusion
It can be deduced from the above three classifications: when jk <n<(j+1)k(j>2), p(t) and

R(t) are respectively:

P=P(AUAUAL-UA )= > P(A)-3 SP(aA)+Y T SRaaA)

+oo ()" PAAA A LA )

k=2 n—k—1
= (n—k+DA—e ") =3 CO(n—k—i)L—e ) = 3 COn—k—i)1—e*)*
2k-2 - . n—k-1 -
+ Y CHn—k—i)I—e )M+ Y CHn—k —i)(L—eH)%* -
3k—2=:L _ n—ll<=—ik7l
ZCiZ (n . k . i)(l_efﬂt)kJrlH _ ZCiZ (n _ k . |)(1— eflt)4k vt
i=2 i=3k-1
o (iDk-2 ) ) n—k-1 )
D' > Cln—k-i)@-e )+ (=D > ClP(n-k-i)1-e )<+
i=j-2 i=(j-1)k-1
n—k-1
(_1)m—1 zCim—Z (n _ k _ |)(1— e—/‘tt)k+1+i Feeet (_1)n—2 Cr]{,k,l (1_ e—lt)n + (_1)n—1(1_ e—/lt)n
i=m-2,m>j
Rt =1-P(A UA UAU-UA ) =1-[(-k+D(L-e )"
k=2 n—k-1
. ZCiO (n _ k . |)(l— efﬂt)k+1+i . ZCiO(n _ k _ i)(l_ef/it)Zk
ez i
+ Y CHn—k—i)l—e )+ Y Cln—Kk—i)1—eH)* -
oy e
ZCiZ(n _ k _ i)(l_e—ﬁ.t)k+1+| _ ZCiZ (n _ k _ |)(1— e—it)élk et
i=2 i=3k-1
o (iDk-2 _ ) n—k-1 )
D' Y C -k —i)—e ) (<) Y IR (n—k—i)(l-e ) K +
i=j-2 i=(j-1)k-1
n—k-1
(_1)m—l ZCim—Z (n _ k _ |)(1— e—/lt )k+1+i 4ot (_1)n—2 C:,-,k,l(l_ e—/it)n + (_1)n—1(1_ e—/it)n]
i=m-2,m>j

The above formulas serve as references for the calculation of the reliability of linear consecutive
k —out —of —nsystems of different components and different types in engineering, which can be
done only by putting the corresponding parameters. The reliability calculation formula of other
distribution parameters can also be similarly obtained by following this classification.
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